The classical action for a three-dimensional rotating particle with time-dependent angular velocity and that submitted to a general linear and quadratic time-dependent potential is explicitly calculated and, via path integral approach, the quantum propagator is obtained. For some special values of the coefficients, it is also shown that the quantum propagator in the rotating frame contains a phase factor which gives rise to a quantum interference phenomenon.
Introduction
Quantum systems with an explicit time-dependent Hamiltonian have attracted much attention over the past decades. In addition to their intrinsic mathematical interest, these systems connect to several important physical problems such as quantum optics [1] , Paul trap [2] , Berry phase [3] and magnetic field lens [4, 5] . Unfortunately, not all time-dependent systems can be solved analytically. In fact, there are only a few with already known solutions, most remarkably the time-dependent quadratic Hamiltonian, for which analytical results exist in the one-dimensional case [6] [7] [8] [9] [10] . Interestingly, the problem of an electron submitted to a time-dependent magnetic field [6, 11, 12] , or in general, a particle under a kind of Coriolis force [13] , can be mapped to the quadratic case. Thus, to have a general, three-dimensional solution of the problem appears highly desirable.
An important example of a time-dependent system is the one under rotation. The physical effects produced by a rotating reference frame are studied in many areas of physics, such as classical dynamics [13] , fluid dynamics [14] , electromagnetic theory [15] , quantum mechanics [16] [17] [18] [19] , and quantum field theory [20] [21] [22] ; furthermore, it is an experimental fact that the rotation produces quantum interference [23] [24] [25] . In addition, when the angular velocity is not constant new effects arise, and in this case the adiabatic and non-adiabatic Berry topological phases have been calculated [3, [26] [27] [28] .
In the present work, we analyze in detail the nonrelativistic classical as well as the quantum behaviors of a particle seen from a frame which rotates with a time-dependent angular velocity ω and submitted to time-dependent potentials which are linear and quadratic in position. In order to obtain a solution to the time-dependent Schrödinger equation we adopt the following approach. First, we solve the classical equation of motion of the system, and evaluate the classical action. Then, we attack the quantum problem by expressing the propagator in terms of a path integral, exploiting the fact that the Lagrangian is a quadratic function of the position and the velocity. Thus, the propagator becomes a product of a term that contains the classical action times a functional integral which can be evaluated exactly. In this way, we obtain an explicit, closed solution which allows us to consider different cases of interest. The paper is arranged as follows: section 2 is devoted to the classical dynamics analysis, section 3 presents the quantum dynamics problem and conclusions are drawn in section 4.
Classical dynamics
Let us consider a particle of mass m submitted to a potential U (r, t). Its Lagrangian L with respect to an inertial reference frame O x yz would be
Let Ox y z be another reference frame, which rotates with respect to O x yz in a fixed axis with a time-dependent angular velocity ω(t). Then, the Lagrangian in Ox y z would be given by
(2) Notice that if we use the potentials
the Lagrangian of equation (2) can be put in the form of the Lagrangian of a particle of charge q moving in the
The classical action S cl is given by
where r i = r (t i ) and r f = r (t f ). We denote the functions in the rotating frame Ox y z with calligraphic letters. Let us consider hereafter a particular time-dependent potential which contains only a linear and a quadratic term in the position, U (r, t) = −mα(t) · r + (1/2)mβ 2 (t)r 2 . In the reference frame Ox y z , the Lagrangian (equation (2)) becomes
and the equation of motion is
In order to solve this equation, we put ω(t) = ω(t)ẑ, obtaining
z + β 2 z = α z .
By means of the transformation η = x + iy , equations (6) and (7) becomeη
where α η = α x + iα y . To solve this equation, first we look for solution of the homogeneous part. Performing the change of variables [29] 
and replacing η in the homogeneous part of equation (9), we obtain the well-known Hill equation [30] ρ+β 2 (t)ρ = 0.
Note that, since β 2 is always a positive function, all the non-trivial solutions of equation (11) have an oscillatory nature, and therefore there exists an infinite sequence of values of t q for which ρ(t q ) = 0. The solutions of this equation allows us to write a formal solution, r h (t), of the homogeneous part of equation (5) as
where
and s 1 , s 2 is a pair of real solutions of equation (11) with initial conditions
is adimensional and the wronskian of s 1 and s 2 is one. C 1 and C 2 are two constant vectors determined by the initial conditions, and their values are
. Thus, the homogeneous solution (equation (12)) can be written as
The non-homogeneous equation can be solved by the method of variation of parameters [31] , giving
where the propagator G(t,t) satisfies
with the same initial condition used for the homogeneous part. The formal solution of this equation is
Of course, we recover the solution of the problem in the frame O x yz by making ω(t) ≡ 0 in equation (14),
In the simple case of a free particle in a rotating frame, equation (14) becomes
Now, we study the classical action which will be used to obtain the quantum dynamics. The classical action S cl can be calculated by using the equation (15), obtaining
After several manipulations, we obtain
where (23) and µ = 1, 2, ν = 1, 2. This result, to the best of our knowledge not reported in the literature so far, contains in one formula the combined effects that a time-dependent rotating frame and a linear and quadratic time-dependent potential produce on a particle. It is interesting to evaluate this classical action in some particular cases. For the motion of the particle in a non-rotating frame, i.e. ω = 0, and only submitted to the linear and quadratic time-dependent potential, equation (21) takes a simpler form, since the angle θ vanishes and therefore all the rotation matrices become the identity matrix. In particular, if α = 0 then the particle is only submitted to the quadratic potential, and we obtain
Consider now the classical action for the particle in the rotating reference frame, but α = 0 and β = 0, that is, not submitted to any external potential. Then,
In this case, of course, when ω = 0 we recover the well-known result [32] of the classical action for a free particle
Notice that when the potential is just quadratic, α = 0, equation (21) is reduced to
Interestingly, equation (27) has the functional structure similar to the one for a two-dimensional electron gas in a time-dependent magnetic field [11] , it being the major difference in the rotation matrix.
Let us now consider the action difference S cl in two particular cases. First, consider the difference in the action of a particle in a rotating frame with respect to the action of a free particle. We obtain
Similarly, in the case of the action of a particle in a rotating frame submitted to a quadratic time-dependent potential, we obtain
Notice that in order to have no difference in the action, i.e. S cl = 0, it is required that θ(t f , t i ) = 2nπ with n ∈ N. These last two equations are relevant for quantum interference phenomena, as we will show in section 3.
Quantum dynamics
Now we turn our attention to the quantum mechanical behavior of the particle. Because the Hamiltonian is time-dependent, the energy is not conserved and, consequently, there is no energy spectrum. Thus, we must tackle this problem by solving the time-dependent Schrödinger equation. For a particle in a rotating reference frame and submitted to a linear and quadratic time-dependent potential, reads as
where L is the angular momentum operator and the operator ω · L acts on a function f according to ω · L f = ih(ω × r ) · ∇ f . A useful method to solve this equation is by means of the propagator method. Given an initial state ψ 0 (r i ) in the instant t i , its temporal evolution to the instant t f is given by
where G(r f , t f ; r i , t i ) is the propagator, which satisfies the equation
Here, (·) f means that the operator acts upon r f . The propagator, in addition, must fulfill the following conditions:
and
To determine G(r f , t f ; r i , t i ), and thus determine the temporal evolution of the initial wave function, we use the path-integral approach [32] . For t f > t i , we must have
where Dr is an adequately defined functional measure. Taking advantage of the fact that the Lagrangian of this problem can be expressed as a quadratic form [33] , the propagator becomes
(36) Notice that the pre-factor F(t f , t i ) is independent of r i and r f . It can be evaluated by using the van Vleck determinant
obtaining
Replacing equations (21) and (38) in the equation (36), we obtain the general form of the propagator,
Thus, to know the temporal evolution of the wave function from a given initial state, it is only necessary to perform the integral displayed in equation (31) . Now we will analyze some particular cases and the consequences due to the rotation. Firstly, we will show an important consequence in the time-evolved wave function when one imposed the condition α = 0 and chose a particular instant t f = t fo such that s 2 (t fo , t i ) = 0. In this case, the classical action is given by equation (27), and therefore the propagator adopts the form
and equation (31) can be expressed by
where k = (m/hs 1 (t fo , t i ))R(−θ(t fo , t i ))r f . Using the definition of Fourier transform,
the time-evolved wave function can be written in the form
Thus, for an instant t fo such that s 2 (t fo , t i ) = 0, the time-evolved wave function is the Fourier transform of the initial wave function times a dynamical phase. This result is in close analogy with electron optics, and constitutes the basis of the diffraction theory [34] . Finally, let us analyze the quantum interference phenomena due to rotation. From equation (39) the case of a quadratic potential (α = 0) in a non-inertial frame can be written as
and the propagator in the inertial frame (ω = 0, α = 0) can be cast in the form
Therefore, the equation (44) can be written in the form
From equation (46) an important consequence emerges: in quantum dynamics the rotation produces interference. The requirement for this interference phenomenon is that the phase factor be different to zero, that is θ(t f , t i ) = 2nπ. Notice that from equation (46), if β(t) = 0, we obtain
This last equation emphasizes the fact that the interference phenomenon is a consequence of a pure rotation.
Conclusion
We analyzed in detail the classical as well as the quantum behavior of a particle seen from a reference frame which rotates with respect to an inertial reference frame in a fixed axis, with a time-dependent angular velocity ω(t), and submitted to potentials which are linear and quadratic in position, with time-dependent coefficients. For the classical behavior, we find the analytical solution and use it to calculate the classical action explicitly, analyzing some particular cases.
For example, we demonstrate that the difference in the classical action between two different reference frames could be zero if the integral of the modulus of the angular velocity is multiple of 2π. The quantum behavior is obtained from the calculated classical action, via path-integral approach. In this way, we can exhibit a general, closed, quantum solution in terms of the time-dependent angular velocity, and both the time-dependent linear and quadratic potentials. From this solution one can easily analyze particular cases. For instance, when one of the solution of the Hill equation is zero, the time-evolved wavefunction can be expressed as Fourier transform of its initial wave function, in close analogy to the situation of electron optics, where it has a time-dependent magnetic field. Finally, we demonstrate that the propagator in the non-inertial frame can be written in terms of the propagator in the inertial reference system, stressing the fact that the quantum interference phenomenon is a direct consequence of the rotation. However, for certain specific time-functional forms of the angular velocity, and under certain particular times, it is possible to suppress this effect.
